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Abstract. We show that any finite-dimensional pointed Hopf algebra 
over an abelian group T such that its infinitesimal braiding is of stan- 
dard type is generated by group-like and skew-primitive elements. This 
fact agrees with the long-standing conjecture by Andruskiewitsch and 
Schneider. We also show that the quantum Serre relations hold in any 
coradically graded pointed Hopf algebra over V of finite dimension and 
determine how these relations are lifted in the standard case. 



Introduction 

The classification of finite-dimensional pointed Hopf algebras is currently 
an active area of research. This class includes group algebras kl\ T a group, 
and Frobenius-Luzstig kernels u g (g) [Ej, associated to a semisimple finite- 
dimensional Lie algebra q and a root of unity q. 

The main result concerning the classification of finite-dimensional pointed 
Hopf algebras with group of group-likes T over an algebraically closed field 
of characteristic zero has been done by Andruskiewitsch and Schneider in 
[AS4j . for the case T abelian and |T| not divisible by 2,3,5,7. This was 
achieved using the so-called Lifting method, introduced by the authors in 
previous works, see e.g. jASlj . |AS3j . 

One of the main steps in the Lifting method is to determine when a given 
braiding yields a finite-dimensional Nichols algebra. This was solved in the 
abelian case by Heckenberger [Hj. Another key step of this method is to 
prove that all pointed Hopf algebras over T are generated by group-like and 
skew-primitive elements, or, equivalently, that the associated graded Hopf 
algebra with respect to the coradical filtration is generated in degrees 
and 1. This problem has been solved for a finite-dimensional pointed Hopf 
algebra H over a group T in the following cases: 

• when H is co-triangular |AEG| . 

• when r is abelian and |T| is not divisible by 2,3,5,7 |AS4j . 

• when T is (isomorphic to) S n , n = 3,4, 5 \AG\ IGG] . 

• when the braiding arises from some particular affine racks [AGj . 
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It has been conjectured in |AS2l Conjecture 1.4] that this holds for any H as 
above. Our main result, Theorem 12.61 is a positive answer to this conjecture 
in the case in which the braiding is of standard type. 

The paper is organized as follows. In Section 1 we recall the basic facts 
about braided vector spaces and Nichols algebras, including the description 
of standard braidings. Also we explicitly recall the steps of the Lifting 
method. 

In Section 2 we prove Theorem 12.61 To do this, we first prove in Proposi- 
tion [2J] that quantum Serre relations hold in any finite-dimensional graded 
braided Hopf algebra in the category of Yetter-Drinfeld modules over an 
abelian group T, not necessarily of standard type. To complete the proof we 
strongly use the presentation of Nichols algebras of standard type by gener- 
ators and relations given in |X] , which we recall in Theorem 11.11 Along this 
part, we repeatedly use the classification of finite arithmetic root systems in 
[H] to check that some diagrams that we can associate to the relations are 
not of finite type. 

In Section 3 we show how the quantum Serre relations are lifted to a gen- 
eral pointed Hopf algebra, exploiting the arguments in the proof of Propo- 
sition 12.11 



1.1. Conventions. We work over an algebraically closed field k of charac- 
teristic 0. For each N > 0, Gn denotes the group of primitive iV-th roots 
of 1 in k. Given n G N and q £ k, q ^ Uo<j<nGj, q ^ 0, we denote 



If r is an abelian group, we denote T = Hom(r,k x ). 
1.2. Nichols algebras and the Lifting method. 

1.2.1. Braided vector spaces. A braided vector space is a pair (V, c), where 
V is a vector space and c € Aut(V ® V) is a solution of the braid equation: 

(c ® id) (id ®c) (c <g> id) = (id <g>c) (c ® id) (id <g>c) . 

We extend the braiding to c : T(V) ® T{V) -> T(V) ® T(V) in the usual 
way. If x, y € T(V), then the braided commutator is 



1. Preliminaries 




n 



[x, y] c := multiplication o (id — c) (x ® y) . 



1.2.2. Braided vector spaces of diagonal type and hyperwords. A braided 
vector space (V, c) is of diagonal type with respect to a basis {xi}i £ j if there 
exist qij € k x such that c(xj ® Xj) = qijXj Xj, i,j 6 I. 
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Fix a basis {x±, . . . ,xq} of V (we assume dimV < oo). Denote by X 
the set of words in letters x\, . . . ,xg and order them using the lexicographic 
order. We identify canonically X with a basis of T(V). 

We say that u € X is a Lyndon word if u is smaller than any of its proper 
ends. That is, u = Xi for some i or for each v, w € X\ {1} such that u = vw, 
we have u < w. 

Denote by L the set of Lyndon words. It follows that u € L if and only 
if there exist v < w 6 L such that u = vw or u = x^, 1 < i < 8. Given 
u £ L\ {x±, . . . ,xg} the Shirshov decomposition u = vw with v,w 6 L is 
the one such that w is the smallest end between all possible decompositions. 
Sec [KhJ and references therein. 

For each u S L we consider an element [u] c G T(V), called the hyperletter 
|Khj corresponding to u, defined inductively by 

r, _ f u, if u € X; 

\ [[ ?; ]c: [ w ]c] c j if it = utf is the Shirshov decomposition of u. 

1.2.3. Braided vector spaces of standard type. Fix 9 G N, J = {1, . . . , 0} and 
(lij)l<i,j<6 as above. 

Let E 1 = {ei, . . . , eg} be the canonical basis of Z e and x : ^ e x^ 6 * — > k x the 
bilinear form determined by x{ e i, e j) = QijA If F — {/i ■ • • ; /e} 

is another basis of Z e , then we set q F = (q[j)i<i,j<e, by qfj = x(fi,fj)> 
1 < i, J < '• Thus g = g . For z 7^ j 6 {1, . . . , 0}, consider the set 

M£ = {m € N |(m + 1) ^qf™ - 1) = 0}. 

If this set is not empty, let mf- denote its minimal element. Also let = 
2, Vi. Let sf be the pseudo-reflection in given by 

sf(fj) = fj + mfjfi, j = 1, . . . , 6. 

Let Q, be the set of all ordered bases of Z 6 * and let V(x) ^ ^ be the set of 
points of the Weyl grupoid W(x) of the bilinear form x, see Def. 3.2]. 

Clearly, sf (F) is again a basis of Z e . The form x 1S called standard if 
for every F € V(x)> the integers mfj are defined, for all 1 < i,j < 6, and 
m{sf{F))ij = rriij for every k. The corresponding braided vector space 
is said to be of standard type |AA| . 

We are interested in standard braiding whose associated Nichols algebra 
is finite-dimensional. In such case, the corresponding Cartan matrix C = 
(aij = ~n ri ij)i,je{l,...,9} i s finite, see Thm. 4.1]. This family includes 
properly the braidings of Cartan type considered in |AS2j . 

Standard braidings with finite-dimensional Nichols algebras are classified 
in [2]. In the same paper, the dimension, a presentation by generators and 
relations and a PBW basis is given for each Nichols algebras with standard 
braiding. We recall next this result, which will be fundamental for our work. 
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Theorem 1.1. [5] Thms. 5.14, 5.19, 5.22, 5.25] Let V be a braided vector 
space of standard type, of dimension 9, C = (a^- = —mij)i j & ii g\ the 
associated finite Cartan matrix, and A + the corresponding root system. 

The Nichols algebra 35 (V) is presented by generators Xi, 1 < i < 9, and 
the following relations 

(1) Xa a =Q, a£A + ; 

(2) ad c {x k ) 1+m ^ ( Xj ) =0, k + j, q2 3+1 ± 1; 

if there exist distinct j, k, I satisfying m k j = m k i = 1, q kk = —1, then 

(3) [(adx k )xj,(adx k )xi] c = 0; 

if there exist k ^ j satisfying m k j = 2,m,jk = 1, qkk G G3 or qjj = —1, then 

(4) [(ad Xkfxj , (ad x k )xj) c = 0; 

if there exist distinct k,j,l satisfying m k j = 2,mj k = nriji = 1, q kk G G3 or 
qjj = —1, then 

(5) [(&d x k ) 2 (ad Xj)x h (adx k )xj] c = 0; 

if i,j determines a connected component of the Dynkin diagram of type G2 
and q kk G G4 or qjj = — 1, then 

(6) [(adx k ) 3 Xj, (adx k ) 2 Xj] c =0, 

(7) [x k ,[x 2 k XjX k Xj] c ] c =0, 

(8) [ [x 2 k XjX k Xj] c , [x k Xj] c ] c =0, 

(9) [ [x 2 k Xj] c , [x 2 k XjX k Xj] J c =0. 
Moreover, a basis of^iV) is given explicitly by: 

4l4l — x %' < < N P> - !> if Pi 1<3<P- □ 

1.3. Generalized Dynkin diagrams. Given a braided vector space of di- 
agonal type, with matrix (qij)i<ij<g, there is a generalized Dynkin diagram 
[H] associated to it, in such a way that two braided vector spaces of diagonal 
type have the same generalized Dynkin diagram if and only if they are twist 
equivalent. This diagram is a labeled graph with vertices 1, . . . , 9, each one 
labeled with the corresponding scalar qa. There is an edge between two 
different vertices i and j if qijqji 7^ 1 and it is labeled with this scalar. 

The generalized Dynkin diagrams whose associated Nichols algebra is 
finite-dimensional were classified in (Hj. We explicitly exhibit this classi- 
fication for the case A2. Let q G Gat, N > 2, then the following are all the 
generalized Dynkin diagrams of standard type A2: 
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1.3.1. Yetter-Drinfeld modules. We denote by j^yD the category of Yetter- 
Drinfeld modules over H, where H is a Hopf algebra with bijective antipode. 
M is an object of j^yD if and only if there exists an action • such that (M, ■) 
is a (left) //-module and a coaction 5 such that (M, 5) is a (left) i/-comodule, 
subject to the following compatibility condition: 

5{h ■ m) = him-iS(h^) ® ■ mo, Vm£ M, h & H, 

where 5(m) = m_i ® mo- Any V G becomes a braided vector space, 

[Moj . If r is a finite abelian group and H = kT, we denote instead of 
%yV. Any y G is a braided vector space of diagonal type. Indeed, 

V = e 9er xeP y 9 x , where V g x = V* n V g , V g = {v £ V \ S(v) = g ® «}, 
= {jj e y | j • j; = x{d) v f° r an 5 £ r}. The braiding is given by 
c(x®y) = x{g)y® x -, for all cc G V g , g G T, y G y x , % G T. Reciprocally, any 
braided vector space of diagonal type can be realized as a Yetter-Drinfeld 
module over the group algebra of an abelian group. 

1.3.2. Nichols algebras. If V G #3^, then the tensor algebra T(V) admits 
a unique structure of graded braided Hopf algebra in %yD such that V C 
V(V). The Nichols algebra 5B(V) [AS2j is the defined as the quotient of 
Tiy) by the maximal element I(V) of the class 6 of all the homogeneous 
two-sided ideals I C T(V) such that 

• / is generated by homogeneous elements of degree > 2, 

• I is a Yetter-Drinfeld submodule of T(V), 

• I is a Hopf ideal: A(/) C I<8> T(V) + T(V) I. 

1.4. Lifting method. Let T be a finite group. The main steps of the 
Lifting Method [AS2] for the classification of all finite-dimensional pointed 
Hopf algebras with group of group-likes (isomorphic to) T are: 

• determine all V G such that the Nichols algebra 55 (V) is finite 
dimensional, 

• for such V, compute all Hopf algebras H such that gr H ~ 05(y)(jkr. 
We call H a lifting of 25(F) over T. 

• Prove that any finite-dimensional pointed Hopf algebras with group 
r is generated by group-likes and skew-primitives. 

2. Generation in degree one 

Throghout this Section, T will denote a finite abelian group and S = 
©n>o S( n ) a finite-dimensional graded braided Hopf algebra in yD such 
that~S(0) = kl. We fix a basis {x x , . . . ,xg} of V := 5(1), with a* G 5(1)^ 
for some gi G V and Xi G T, and call := Xj(di)- 

We will show that given such S, if V is a braided vector space of standard 
type, then S is the Nichols algebra 25(F) associated to V. In particular, we 
will obtain the main result of this work, that is that any finite-dimensional 
pointed Hopf algebra over T with infinitesimal braiding of standard type is 
generated by group-like and skew-primitive elements. 



ANGIONO; GARCIA IGLESIAS 



First, we prove in the next Proposition that the quantum Serre relations 
hold in any such S, not necessarily of standard type. This result extends 
\AS4\ Lemma 5.4]. 



Proposition 2.1. Let S as above. Then, 



(10) ad c (xi) 1+m ^ ( Xj ) = 0, for all i + j such that q™ ij+1 / 1. 



Proof. Suppose that ad c (xi) 1+mi ^ (xj) ^ for some i ^ j such that q^ i+1 / 
1 (so q u n qijqji = 1 by definition of rriij). 

To start with, we begin as in [A"S4l Lemma 5.4]. Set to — rriij, q — qn, 
yi := Xi, y 2 := Xj and y 3 := ad c (xi) 1+m (xj). Also, 

hi=gi, h 2 = gj, h 3 = g™ +1 gj, 

vi = Xi, m = Xj, m = xT +1 xj, 

so a £ 1 < k < 3. If W = kyt + ky 2 + ky 3 , then <B(W) is finite- 

dimensional, because y% is a primitive element. Indeed, W C V{S) hence we 
have a monomorphism *3(W) c — >■ S. We compute the corresponding braid- 
ing matrix (Qki = Vi{hk))i<k ;<3> anc ^ consider the corresponding generalized 
Dynkin diagram: 

(11) oln 

g — m(m+l)g2_ 




In consequence, this diagram appears in [Hj Table 2]. We consider differ- 
ent cases. 

Case I: Q ki Q ik ^ 1 for all 1 < k < I < 3. 

By [Hj Lemma 9(h)], 1 = Y[ k<l QklQlk = q 2 - m{m+1) q]j, and at least one 
of the vertices is labeled with —1. Notice that q ^ — 1 because in such case 
m = (we assume q m+1 ^ 1). Also, qjj ^ q m+1 qjj by hypothesis, so exactly 
one of the vertices is labeled with —1. 

• If qjj = -1, then 1 = (g m+1 fe)(g~ m(m+1) ?|j) = -q l ~ m2 and m = 1 
by the same Lemma, but this is a contradiction. 

• If q m+1 qjj = -1, then 1 = qq m+2 = q rn+3 and 

i _ „ m(m+l) „2 \ _ 3 -m(m+3)+2m _ 3 „2m 

by the same Lemma, so 

-1 = (-1) 3 = q%q 3m+3 = {q%q 2m )q m+3 = q m+3 , 
which is a contradiction. Therefore pip does not belong to this case. 

Case II: Q 12 Q 21 = q~ m = 1- 
Here m = 0, so we have 

(12) ol olln oW . 

V / 9 9 
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If qjj = — 1 then we have the connected subdiagram oi o~ q ■ Notice 

JJ q 2 

that this diagram has no vertices labeled with —1 and the labels of the 
vertices are different. Also the diagram is not of finite Cartan type and it 
does not correspond to the diagrams without —1 at the vertices in rows 5, 
9, 11, 12, 15 of [HI Table 1], so we discard all of them. 

If qjj 7^—1 but q = — 1 we have an analogous situation, so we consider 
also q 7^ — 1 and (I12D is a connected diagram of rank 3. 

If qqjj 7^ —1, [HI Lemma 9(i)] implies that one of the following holds: 



• it is of finite Cartan type, so it contains an A2 Cartan subdiagram 

■Ijj = ('f'ijj)'ljj 



Then 1 = qq 2 = (qqjj)q 2 or 1 = q^q^ = (qq jj )q 2 j , so q = 1 or 
and qq 2 = 1. 

But neither of these cases is possible. In consequence, qqjj = — 1. Looking 
at [HI Table 2] we see that QuQaQu = 1 f° r some i 6 {1, 2} in all the cases. 
As both situations are analogous, we assume i = 1: q 3 = 1. By [HI Lemma 
9(iii)], one of the following is true: 

• Qjj = -Q- 

We obtain a contradiction, so ra ^ 0. 

Case III: Q 13 Q 31 = q m + 2 = 1. 
The corresponding diagram is: 



Q 1jj — Q q 1 q JJ 



This diagram is analogous to (|12p exchanging qjj with q^q 1 so we see that 
it does not belong to [HI Table 2]. Therefore q m+2 ^ 1. 

Case IV: Q23Q32 = 1- That is, q^ = q m i m + l ) . We have the following 
diagram: 

( 13 ) <*> — ° q —^ m+1<1 " ■ 

By the previous cases, this is a connected diagram of rank 3. As m 7^ and 
qin+i _^ we q ^ _ 1 analyze the different possibilities for the 
values on the vertices: 

qjj = q m+1 qjj = —1: In such case, q rn+1 = 1 and the diagram is 

o- 1 — — °«— -o- 1 , 



but it does not appear in Heckenberger's list. 
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qjj = -l,q m+1 qjj f -1: By (El Table 2], we have 1 = Q22Q23Q32 
a+3 and the diagram is 



Also, 1 = q]j = q m{ - m+1 ) = q 2m = ? -6. Notice that q 3 ^ 1 because q m ^ 1, 
so g G G6- But this diagram does not belong to Heckenberger's list. 

qjj / -l,q m+1 qjj = -1: As in the previous case, 1 = Q22Q21Q12 = 
ql-m gy definition of m we conclude that m = 1 and the diagram is 
the same as in the previous case, where again q G Gq by the initial condition 
of case IV, and we have the same contradiction. 

qjj,q m+1 qjj 7^ —1: By (Hj Lemma 9(i)], one of the following holds: 

• it is of Cartan type. Therefore q = qjj and m = 1, or q = q m+1 qjj = 
q~ m ~ 2 . In both cases we arrive to the same diagram 



a 3 



It is easy to see that it is not of types ^3, C3 because q, q 2 7^ q 3 . But 
if it were of type C3, q = (q 3 ) 2 = q~ 3 , which is a contradiction. 

• qjj G G 3 , q € G 6 U G 9 and 1 = q x ~ m = qjjq 2m+3 . Then m = 1 and 
q 5 = q~^ , so q 15 = 1, but this is a contradiction with q G Gq U G9. 

• q m+1 qjj e G 3 , q G G 6 U G 9 and 1 = qjjq~ m = q m+3 . Again g 15 = 1, 
which is a contradiction with q G Gq U G9. 

In consequence (fTTI) is not of finite type, so we conclude the proof. □ 

The following Lemmata show that if the braiding satisfies certain con- 
ditions related with braidings of standard type, then some extra relations 
hold in S. We consider the presentation of Nichols algebras of standard type 
from Theorem 11.11 As this presentation is not minimal in some cases, we 
need first to discard some redundant relations in the next Lemma. 

Lemma 2.2. // there exist j ^ k G {1, . . . , 6} such that m^j = 1, rnjk = 2, 
but qjj £ G 3 or q kk / -1, then [(ad c Xj) 2 x k , (ad c Xj)x k ] c = 0. 

Proof. To prove this, by [2J Lemma 5.5(h)] it is enough to consider two 
cases: qjj G G3, q kk 7^ —1, or qjj G" G3, q kk = — 1. In the first case we have 



x 3 = 0, (ad c x k ) 2 Xj = x\xj - (1 + qkk)q k jX k XjX k + q kk q 2 kj 



jXjX k 



In consequence we have 



XjX k XjX k — (1 "I - qkk) Qkj "EjXfcXj) 

and by O Lemma 5.5(i)] we conclude that [(ad c Xj) 2 Xk, (ad c Xj)xk] = (we 
can restrict to the Hopf subalgebra generated by X j 5 X fa 111 order to satisfy the 
conditions of such Lemma). The proof for the other case is analogous. □ 
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Lemma 2.3. Assume that there exist distinct j,k,l G {1, . . . ,6} such that 
qkk = -1, QkjQjk = %llTk ^ 1 > liilij = L Then > 

(14) x\ = 0, [&d c Xj(&d c x k (xi)),x k ] c = 0. 

Proof. The first equation follows easily because x\ is primitive and the as- 
sociated scalar is 1. This implies that {a.d c Xk) 2 Xj = (a.d c x k ) 2 xi = 0. 

For the second equation, we denote u \ — [ad c ccj(ad c x/ c ] c , g u : — 

9j9t9l € r, x n := XjXfcXz £ r, g := eft^. By PQ Lemma 5.8], u is a 
primitive element. 

We proceed as in the proof of the previous Lemma. Suppose that ti^O. 
Then the braiding of y\ = Xj, 7/2 = x k , 2/3 = xi and 7/4 = u, with the 
corresponding elements hi G T, r/j G T, corresponds to one whose associated 
Nichols algebra is finite-dimensional. We obtain the following generalized 
Dynkin diagram attached to (Q rs = i] s (h r ))i< r ,s<4:- 

(15) oHi — - — o- 1 

Q 1 

Qljjlll qIU 

fa 2 

Notice that q = — 1 implies that (|15p contains (|12p as a subdiagram, which 
is a contradiction to the finite dimension of the associated Nichols algebra. 
Therefore q 7= — 1 and as any such diagram contains a 4-cycle, by (HJ Lemma 
12] we have Q 2 jQ~ 2 = 1 or qffl 2 = 1. By the symmetry of the diagram we 
can assume qjj = ±q. 

If also qu = ±? , since Q44 = qjjqu 7^ 1, then the diagram is of the 
form o q o _1 o -9 1 • But this is a contradiction with [HI Lemma 

q- 1 q 

9(iii)]. Therefore we have a connected diagram of rank 4: 
M o -1 o qu oliilu 

— 1 Q 2 2 

q 1 qf iq 2 

Suppose that qjj = —q. As Q11Q12Q21 7^ 1, we deduce from [Hj Table 3] 
that 

= (1 - Q? 1 )(Qf 1 Qi 2 Q 2 i - 1) = (1 + q 3 )(q - 1), 

but we discard this case by [HI Table 3]. 

Therefore qjj = q. We obtain that there are no diagrams in [Hi Table 3] 
such that Q22 = — 1, Q11 = Q44Q33 1 = q 7^ ±1, so the above diagram does 
not belong to such list. Therefore u = 0. □ 

Lemma 2.4. Assume that there exist j 7^ k G {1, . . . , 9} such that m k j = 1, 
m jk = 2. 

(a) If qjj G G3 and q kk = —1, then the following relation holds: 

(16) [(a,d c Xj) 2 x k , (ad c Xj)x k ] c = 0. 
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(b) If V is standard and there exist I 7^ j, k 6 {1, . . . , 9} such that mji = 
mij = 0, m k i = 1 and (1 + - q^) = 0, then: 

(17) [(ad c x k ) 2 (ad c Xj)x h (ad c Xj)x k ] c = 0. 

Proof, (a) We proceed as in the previous Lemmata. Assume that v := 
[(ad c Xj) 2 x k , (ad c Xj)xk] c 7^ 0. By [AJ Lemma 5.9], v is a primitive element: 
notice that x| = 0, or x\ = 0, or qjjqjkqkj = qkkqjkqkj = 1 because S is 
finite dimensional. 

Call y\ = Xj, y2 = Xk, 1/3 = v, and hi & T, rji & F, i = 1,2,3 
the corresponding elements. In consequence, the braiding matrix (Q rs = 
%(^r))i<r,s<3 corresponds to one in Heckenberger's list. The associated 
generalized Dynkin diagram is 



3 to 




q '■— qjkqkj- 




q 6 7^ 1 , but then this contradicts [HI Lemma 



As the diagram is finite, Q33 
9(iii)]. Therefore, v = 0. 

(b) By the previous item, Lemma 12.21 and [A"f Lemma 5.9(b)], 

w := [(ad c Xk) 2 (a.d c Xj)xi,(ad c Xj)xk] c 

is a primitive element. If we suppose that ro / 0, we work as in previous 
cases for each possible diagram calling y\ = Xj, 1/2 = Xk, 1/3 = xi, 2/4 = w, 
and hi € T, r/i € T, i = 1,2,3,4 the corresponding elements: the braiding 
matrix (Q rs = Vs(h r ))i< r ^<3 corresponds to one in Heckenberger's list. 

• qkk = -1, q]jqkjqjk = 1 = qkjqjkqkiqik- the corresponding diagram 
for (Q rs ) is 

— o- 1 o qn , q ■= qjj- 




By [HI Lemma 9(h)] q 4 = 1. Then the vertices 1,3,4 determine a 
diagram of type (|12p . which is not in Heckenberger's list. 

1: the diagram for this case is 

q := qjj G G3U G4. 



ijjQkjqjk — qkjqjk — qkkqkiqik 




If g 4 = 1, again we have (|12p as subdiagram. If q € G3 we have 
qu = ±q 2 , because there are no 4-cycles. As Q44 7^ 1, we should 
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have qu = —q 2 , but in such case we have a connected diagram of 
rank 4 with 77132 = 4, because Q33 = — q 2 and Q23Q32 = q 2 £ G3, 
which is a contradiction. 

Qkk = -1, = -qkjQjk e G 3 , qkjqjkQkiqik = 1: the diagram is 

2 

o<? — — o- 1 — — o9» , g := € G 3 . 



? 2 



This is not of finite type by (Hj Lemma 9(ii)]. 

Qjj = -qkjQjk € G 3 , qkkQkjQjk = qkkQkiqik = 1: now the diagram is 



-9 o -l ? 
— o~<T 



lu , g := 9jj G 



First gjj = ±g 2 because there are no 4-cycles, and second Q44 7^ 1 
so = — q 2 . Transforming the diagram by the symmetry at vertex 
4, it is Weyl equivalent to 

1 1 1 ~1 2 ~1 a„ 

whose associated Nichols algebra is not finite-dimensional, a contra- 
diction. 

In all the cases we obtain a contradiction, so w = 0. □ 



We are now able to prove the main results of this Section: Theorems [27 
and 



Theorem 2.5. Let S = (B n >oS(n) be a finite- dimensional graded Hopf al- 
gebra in ^yT>, r a finite abelian group, such that 5(0) = kl. Fix a basis 
x\, ... ,xq of V := 5(1), with X{ € 5(l)g? for some gi € V and Xi € T, and 
call qij := Xj{di)- Assume that 

• S is generated as an algebra by 5(0) © 5(1), and 

• V is a standard braided vector space. 

Then S^<8{V). 

Proof. The canonical surjection T(V) -» ®(V) = T(V)/I(V) induces a 
surjection 

vr : 5 -» ©(F), 

of braided graded Hopf algebras, so we can consider 5 = T(V)/I, for some 
graded braided Hopf ideal I of T(V), generated in degree > 2, J C /(V). 

Suppose that /(F) 3 J. Then at least one generator of J(V) as in Theo- 
rem [Tj] is not in /. Consider a generator x G /(V) \ / of minimal degree fc. 



12 ANGIONO; GARCfA IGLESIAS 

Then 

n 

A(x) = x®l + l®x + J^6 j ®c 7 -€ /(F) ® T(V) + T(V) ® /(F), 

i=i 

for some homogeneous elements 6j,Cj € T'(V'), satisfying deg(6j) + 

deg(cj) = k. We can consider for each j that bj G -/"(V) or Cj € /(V). If 
6j € -/"(V), then it is a linear combination of elements ayb, with a, 6 G T(V) 
and y a generator of I(V), and as 

deg(y) = deg(x) - deg(a) - deg(6) - deg(cj) < deg(x) = k, 

we have y G /. Therefore bj G I. The same holds if Cj G I(V)- I n 
consequence, x is primitive in S, because ir is a morphism of braided Hopf 
algebras. 

By Proposition 12.11 and Lemmata 12. 2\ 12.31 and 12.41 we have x = x^ a for 
some a G A+, or there exist j ^ k G {1, . . . , 9} such that ra^ = 3, mjy = 1, 

(1 — qij)(l + Qkk) = 0) ( ^ ) is a standard braiding of type G2 and 

JJ \ Qkj Qkk J 

x = [u] c , see ll.2.2( where 

r 3 322 22 1 

U G {XjXfcXjXfc., XjXfcXjXfc 7 X jXfcXjXfcXjXfc, XjXfcXjXfcXjXkj. 

Call ffx G T, Xx G f the associated elements. We discard easily the case 
x = x^ a , because in such case 

Xx(5x) =q^ =1, 

(ord(<7 Q ) = N a ) and S is finite-dimensional. 

Suppose x = [u] c . Call r)i = Xj, m = Xk, Vs = Xx, h = g j: h 2 = g k , 
h% = g x . As in the proof of previous Lemmata, the braiding corresponding 
to the matrix (Q rs = ^s(^r))i<r,s<3 appears in Heckenberger's list. The 
possible diagrams for the vertices j, k are 



• 


oC- 


c 


C , C e G4, 






-1 


o- 1 , CGG 6 : 


• 


oC- 


• 


c 2 


c 


- o? 7 , C e G 8 


• 


c 2 


c 3 


- o- 1 , C e Gj 


• 


oC- 


c 5 


o- 1 ,(GG 8 . 



With three exceptions we conclude all of possible pairs of braidings and w 
give diagrams not in Heckenberger's list because Q33 = 1 or 

Q12Q21 1, Q13Q31 / 1 and Q23Q32 ¥= 1 

and thus it is a triangle but ]~Ii<r<s<3 QrsQsr 7^ 1- 
The remaining cases are: 
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(1) ( o'' 3 j U — X'jXkx'jXk, 

(2) C — o^ 1 , u = x^XkXjX k , 

(3) o~ ^ i U = Xj^k-^j^k^j-^ki 
and corresponding diagrams of (Q rs ) are: 

(1) c^ c 3 ^oC 3 , 

(2) C 4 Q C — - o- 1 , 



C 5 , -l 



(3) C — oC 



o 



-1 



but they are Cartan braidings associated to non-finite Cartan matrices, 
which is a contradiction. □ 

The following Theorem is in agreement with Conjecture [AS21 Conj. 1.4]. 
As braidings of standard type properly include those of finite Cartan type, 
this result extends |AS4|, Thin. 5.5]. 

Theorem 2.6. Let H be a finite- dimensional pointed Hopf algebra over an 
abelian group T such that its infinitesimal braiding is of standard type. Then 
H is generated by its group-like and skew-primitive elements. 

Proof. Let gi H = R#kT, V = R(l). Then H is generated by its group-like 
and skew-primitive elements if and only if R is the Nichols algebra 55 (V). 
Let S be the graded dual R* in ^yV. Notice that 5(1) = 12(1)* has the 
same braiding as R(l). By [A"S2l Lem. 5.5] it is enough to show that 5 is a 
Nichols algebra. This follows by Theorem 12.51 □ 

3. Liftings of the quantum Serre relations 

Let 05 a finite dimensional Nichols algebra of standard type, with braiding 
(lij)i<i,j<6i the rank of 25. Let H be a pointed Hopf algebra over an abelian 
group r such that gr H = 55#kr. In this Section we show that quantum 
Serre relations in 55 are lifted in H as elements in kT. We include this result 
in this work since its proof heavily resembles the one of Proposition 12.11 
Moreover, we distinguish those cases in which these relations can only be 
lifted as zero. 

Let niij be as in ll.2.31 For 1 < i ^ j < 0, set 

>.mj,+l m,ij+l 

Xij =£i Xj, 9ij = 9i 9j- 
Lemma 3.1. Let 1 < i ^ j < 6 . Assume q™ lj+l 7^ 1. Then 
(18) (Xij,9ij)^(Xl,9l), V1<Z<0. 



Proof. Assume there exists I such that (1181) holds. Then it follows as in the 
proof of Proposition 12. II that either I = i or I = j, since otherwise we would 
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get a subdiagram of the diagram V related to the braiding which would not 
be of finite type. 

Now, I ^ j, since otherwise Xij(gij) = '/,"'" ' '</;./ = Xj(9j) = Qjj and 
< hi Zj+1 7^ 1- But if I = i, w e would have 

2 / \2 / \ ^ \ 2(my+l) mij+2 

fe = Xi(Si) = Xi{9ij)Xij{9i) = Qu QjiQij = Qu , 

since, as (qij) is of standard type and q™' 3+1 / 1, q™ %3 QijQji = 1- Therefore, 
by definition of my, we have rriij = 0. In this case, qu = Xiidi) = Xij(dij) — 
QuQjj, a contradiction. □ 

Let a, G ^g^H) such that aj is mapped to G 53 via -» A\/Aq = 

03(1). In particular, it follows that ad(a;) miJ+1 ( a j) G Vg-^H). 

Ii 1 < i j < 6, denote by T>ij the subdiagram of T> with vertices i,j 
and by the corresponding submatrix of (qkl)i<k,l<6- 

Proposition 3.2. Let H,a>i as above, 1 < i ^ j < 0. Assume q™'^ 1 ^ 1- 
Then there exists A G k such that 

a d(a i r«+ 1 (a j ) = \(l-g™ i i +1 g j ). 

Moreover, A can be non-zero only in the following cases: 
(1) niij = 3 and 

(i) Vij = ° q — V,?£ G 7 and Q - = (jj 



(ii) V tj = °i o_! , £ g Gg and = (J _i 

(2) TOy = 2 and 

(i) V i:j = ° q V , q € G 5 and Q< 



(ii) P y = ° 9 °-i , g G G 6 and Qy = ( \ _\ 
(3) m-jj = 1 implies 



(i) P 4j = o qm °<? , Q G G 2m+ i andQ - =l 9 - q 



■ 

V ~ \ q m q 

(ii) £>y = ° 9 — — °— l , q G G 4 and = 

(iii) Vij = ^— °£ fGG 3 , and = ( if f 

a -1 

(iv) Z\j = °g V , g G G 8 and Q 

(4) mj,- = implies 

(i) £> y - = o q o q -i ) q G Q Arj TV > 1 and Q 

Proof. By [ASH Lemma 5.4] we know that V e g l {H) = k(l - 5) and that 
if X / e then Vg^H) 7^ if and only if there is 1 < I < 9 such that 
(9ij,Xij) = {ghXli As ad(ai) m ^ +1 (aj) G P.). , ( // ) then the first part of the 
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Proposition follows from Lemma f3. II For the second part, as A can be chosen 
7^ only when xT^^Xj = e > the Proposition follows by evaluating Xij 111 
gi and gj to determine when q^ 3 q^j = qj 1 ^ 3 qjj = 1, taking into account 
that q™ lJ qijqji = 1. We fully develop the case rriij = 3 as an example. As 
q™ lj+1 7^ 1 must hold, two cases are left, namely those corresponding to 
the diagrams in (l)(i) and (ii) of the Proposition. Let (Qij)i<i,j<e be the 
braiding. In the first case, we have qu = q,qjj = g 3 and qijqji = g -3 . Then 

xtxj (m ) = q A qij , xtxj (gj ) = gjg 3 ■ 

Then, if Xij = e, we have 1 = q 4 qijqj i q 3 = g 4 g 3 ; and 1 = q^q 3 = qjiq' 1 . 
Therefore, qji = q, q 7 = 1, qij = q~ A = q s . 

In the second case, we have qu = C^Qjj = — 1) QijQji = ?~ 3 ) £ £ Gg. Then, 
if &j = e, 1 = ^ 4 %j = -q^. Then = -1 and q^ = -^" 3 = £. □ 

REFERENCES 

[AA] Andruskiewitsch, N; Angiono, L, On Nichols algebras with generic braiding 
Modules and Comodules. Trends in Mathematics. Brzezinski, T.; Gomez Pardo, 
J.L.; Shestakov, I.; Smith, P.F. (Eds.), pp. 47-64 (2008). ISBN: 978-3-7643-8741- 
9. 

[AEG] Andruskiewitsch, N., Etingof. P and Gelaki, S., Triangular Hop f Algebras 

With The Chevalley Property, Michigan Math. J. 49, 277-298, (2001). 
[AG] Andruskiewitsch, N. and Grana, M., Examples of liftings of Nichols algebras 

over racks, Algebra Montp. Announc. 2003, Paper 1, 6 pp. (electronic). 
[AS1] Andruskiewitsch, N. and Schneider, H.J., Lifting of quantum linear spaces 

and pointed Hopf algebras of order p 3 , J. Algebra 209, 658-691 (1998). 
[AS2] , Finite quantum groups and Cartan matrices, Adv. Math. 154, 1-45 

(2000). 

[AS3] , Pointed Hopf algebras, "New directions in Hopf algebras" , MSRI series 

Cambridge Univ. Press; 1-68 (2002). 
[AS4] , On the classification of finite- dimensional pointed Hopf algebras, Annals 

of Mathematics Vol. 171 (2010), No. 1, 375417. 
[A] Angiono, I., On Nichols algebras with standard braiding, Algebra and Number 

Theory Vol. 3, No. 1, 35-106, (2009). 
[GG] Garcia, G. A. and Garcia Iglesias, A., Pointed Hopf algebras over S 4 . Israel 

Journal of Math. Accepted. Also available at arXiv:0904.2558vl [math. Q A]. 
[H] Heckenberger, I., Classification of arithmetic root systems, Adv. Math. 220 

(2009) 59-124. 

[Kh] Kharchenko, V., A quantum analog of the Poincare-Birkhoff-Witt theorem, 

Algebra and Logic 38, (1999), 259-276. 
[L] Lusztig, G., Introduction to quantum groups, Birkhuser (1993). 

[Mo] Montgomery, S., Hopf algebras and their action on rings, CBMS Regional 

Conference Series 82 (1993). 

FaMAF-CIEM (CONICET), Universidad Nacional de Cordoba, Medina A- 
llende s/n, Ciudad Universitaria, 5000 Cordoba, Republica Argentina. 
E-mail address: (angiono I aigarcia) Ornate .uncor . edu 



